This paper presents fuzzy logic based independent modal space control (IMSC) and fuzzy logic based modified independent modal space control (MIMSC) of vibration. The rule base of the controller consists of nine rules, which have been derived based upon simple human reasoning. Input to the controller consists of the first two modal displacements and velocities of the structure and the output of the controller is the modal force to be applied by the actuator. Fuzzy logic is used in such a way that the actuator is never called to apply effort which is beyond safe limits and also the operator is saved from calculating control gains. The proposed fuzzy controller is experimentally tested for active vibration control of a cantilevered plate. A piezoelectric patch is used as a sensor to sense vibrations of the plate and another piezoelectric patch is used as an actuator to control vibrations of the plate. For analytical formulation, a finite element method based upon Hamilton's principle is used to model the plate. For experimentation, the first two modes of the plate are observed using a Kalman observer. Real-time experiments are performed to control the first mode, the second mode and both modes simultaneously. Experiments are also performed to control the first mode by IMSC, the second mode by IMSC and both modes simultaneously by MIMSC. It is found that for the same decibel reduction in the first mode, the voltage applied by the fuzzy logic based controller is less than that applied by IMSC. While controlling the second mode by IMSC, a considerable amount of spillover is observed in the first mode and region just after the second mode, whereas while controlling the second mode by fuzzy logic, spillover effects are much smaller. While controlling two modes simultaneously, with a single sensor/actuator pair, appreciable resonance control is observed both with fuzzy logic based MIMSC as well as with direct MIMSC, but there is a considerable amount of spillover in the off-resonance region. This may be due to the sub-optimal location and/or an insufficient number of actuators. So, another smart plate with two piezoelectric actuators and one piezoelectric sensor is considered. Piezoelectric patches are fixed in an area where modal strains are high. With this configuration of the smart plate, experiments are conducted to control the first three modes of the plate and it is found that spillover effects are greatly reduced.
Introduction
Many real life structures are two-dimensional plates. Plates are widely used on doors, ceilings, floors, panels of various 3 Authors to whom any correspondence should be addressed.
vehicles etc. Much work is being done to control vibrations of two-dimensional plate structures. The need for stable structures in aerospace, naval and automotive applications has led to the development of the field of active vibration control. In active vibration control, an external source of energy is employed to suppress the vibrations of the smart structure. (A structure which can suitably control its own dynamics is called a smart structure.) Piezoelectric materials have been widely used to make smart structures as they have coupled electromechanical properties. When a mechanical force is applied to a piezoelectric material an electric voltage is generated; this effect is employed to make a piezoelectric sensor. When an electric voltage is applied on a piezoelectric material a mechanical force is generated; this effect is employed to make a piezoelectric actuator. Piezoelectric sensors and actuators are realized by attaching them to real life structures. In active vibration control, a signal sensed by a sensor is manipulated by some control law and fed to the actuator. Researchers have widely adopted optimal control theory for active vibration control (Saunders et al [1] , Lim et al [2] etc). To do away with the uphill task of modelling the smart plate, Saunders et al [1] have resorted to a modal identification technique. Lim et al [2] used output feedback instead of state feedback. Optimal control based upon state feedback requires either measurement of the entire state or an observer. This problem is absent in optimal control based upon output feedback. Chantalakhana and Stanway [3] used state feedback so they had to employ an observer to estimate the states. Using optimal control theory, Meirovitch [4] developed a independent modal space control (IMSC) method for controlling a single mode of a distributed mass body. In IMSC equations of motion of the structure are decoupled using modal analysis and then modal control forces are determined by minimizing a performance index. Baz and Poh [5] performed a numerical study to control the vibrations of a beam instrumented with piezoelectric patches, using IMSC. They modified the IMSC to control multiple modes and called it modified independent modal space control (MIMSC). Baz and Poh [6] experimentally verified theoretical developments by controlling the first two modes of a cantilevered beam. In IMSC, optimal feedback gains are independent of the nature of the disturbance. Singh et al [7] exploited the nature of the disturbance in order to weigh the IMSC gains. This weighing was done on the basis of either displacement or energy present in different modes. Researchers like Chen and Shen [8] and Sun and Tong [9] have developed modal sensors and actuators in order to implement IMSC. Researchers have tried many control strategies for the active vibration control of plates. Meyer et al [10] tried positive position feedback and found that linear quadratic Gaussian (LQG) is more effective for multimodal control, whereas positive position feedback is more effective for single mode control. Miller et al [11] used a control strategy based upon the second method of Lyapunov, where a Lyapunov functional indicative of the total mechanical energy of the system was chosen. Matsuda et al [12] used proportional-derivative control where the gains were adjusted experimentally, Chen et al [13] used negative velocity feedback, Lam and Ng [14] presented negative force-cummoment feedback and Amant and Cheng [15] used a feed forward control algorithm with an adaptive finite impulse response (FIR) controller based on the least mean squares (LMS) algorithm. The thrust of present-day research is on designing robust and adaptive controllers for active vibration control. Therefore fuzzy logic, neural networks, etc have gained the interest of researchers. Fuzzy logic has been widely used to control vibrations in the suspension systems of automobiles. Among the first to employ fuzzy control for the vibration suppression of structures were Tsoukkas and Vanlandingham [16] . They suggested 49 rules based on the displacement and the difference in the displacement in subsequent time, i.e. velocity. However, the hardware implementation of these rules reveals potential problems, since all these rules should be processed in parallel and in real time, which implies that the controller should be fast enough to compute the output under fuzzy rules in a sampling period. The 49 rules proposed by Tsoukkas and Vanlandingham [16] were reduced to just four by Kwak and Sciulli [17] , employing sliding-mode control.
They performed real-time fuzzy control experiments on a cantilever beam with surface-bonded piezoceramic sensors and actuators. Pseudo-collocated sensors and actuators were realized by putting them as closely to each other as possible. Using sliding-mode theory, individual switching surfaces for each collocated sensor and actuator were written as a function of displacement and velocity picked up by the sensor. The value of the switching surface was fed as an input to the fuzzy controller and the control voltage was obtained. Wang et al [25] have presented robust fuzzy control for chaotic systems in the presence of parametric uncertainties. A robust fuzzy state feedback control scheme ensures control for stable operations under bounded parametric uncertainties. For a chaotic system with known uncertainty bounds, a robust fuzzy regulator was designed. Zeinoun and Khorrami [18] presented an adaptive control scheme based on a fuzzy logic based algorithm. In this work fuzzy logic was basically used to coordinate between three controllers. Jin et al [26] used a fuzzy-controlled genetic based optimization technique for optimal vibration control of cylindrical shell structures incorporating piezoelectric sensor/actuators (S/As). The geometric design variables of the piezoelectric patches, including the placement and sizing of the piezoelectric S/As, were processed using fuzzy set theory. Most of the work on fuzzy logic based active vibration control of continuous systems employs fuzzy logic in conjunction with some other control approach. Mayhan and Washington [19] developed a controller for a continuous system based just on fuzzy logic. They employed fuzzy model reference learning control (FMRLC) to dampen the fundamental vibration mode of a steel cantilever beam. They reported one main disadvantage of using FMRLC. A large amount of code is necessary in order to develop such a controller. Also, if a fast enough computer is not available, this may lead to problems in running the complete code within the allotted sampling time. Fuzzy logic has not been much used to control vibrations in continuous systems. One reason is that it is difficult to generate a small but efficient rule base. Also, fuzzy logic controllers for active vibration control require fast processors for real-time implementation. Sharma et al [20] presented a compact rule base of just three rules based upon first modal velocity and performed several experiments to control the first mode of a cantilevered beam. They found that for the same settling time, their fuzzy controller applied a much smaller peak force compared to negative velocity feedback. Si and Li [24] have reasoned that the fuzzy controller is not dependent on an accurate model. But the precision of a conventional fuzzy controller is not good, and the adaptive ability of a conventional fuzzy controller is limited. They designed a stable adaptive controller based on scaling universes of discourse, and letting input membership function and output membership function be denoted as input universes of discourse and the central value of the output membership function, respectively. A kind of stable self-adaptive fuzzy controller based on scaling universes of discourse was designed. Extending the work of Sharma et al [20] , the present work aims to develop a fuzzy logic based controller with a compact rule base taking into account both modal displacement and the modal velocity of the structure. In the present work, a controller has been developed taking motivation from IMSC and MIMSC. So, it becomes imperative to study IMSC and MIMSC also.
Independent/modified independent modal space control
According to IMSC (Meirovitch [4] ), the modal force to be applied on an actuator can be obtained in closed form by
(1)
where η r , q r , λ r represent the modal displacement, modal control force and modal frequency, respectively, of r th mode. R r is a factor that weighs the importance of minimizing the vibration with respect to the control forces. Modified independent modal space control (MIMSC) incorporates a unique time sharing strategy so that a small number of actuators can be used to control a larger number of modes. In this strategy the system modes are ranked according to their modal energies given below: Modal energy of r th mode:
If one actuator is to be used, then this actuator will be dedicated, at any instant of time, to controlling the mode that has the highest modal energy at that instant.
Fuzzy logic based modal space control
The control law for controlling the vibration is established using fuzzy logic based IMSC and fuzzy logic based MIMSC. The effect of this modification is that actuator is never called to apply control forces which are beyond safe limits and the operator is saved from calculating control gains. Synthesis of a fuzzy controller involves following three steps:
(1) Fuzzification. In a typical fuzzy controller, first of all input variables are fuzzified into fuzzy sets, then fuzzy rules are executed and finally defuzzification is performed to obtain crisp control output. These steps are discussed for the proposed controller. Fuzzification. First of all input and output variables for the fuzzy controller are decided. Then the designer has to give the range which each input variable can take and the safe range which each output variable should have. The range for input variables may be selected by observing the plant for input variables, for a considerable length of time. The range for output variables may be selected by looking at specifications which guarantee the safety of the actuator. Fuzzy sets are then constructed over all input variables and output variables.
In the proposed fuzzy controller, the input is modal displacement and modal velocity of the plate and the output is the modal force to be applied on the plate. Here the control force is a fuzzy function of modal displacement and velocity, i.e. q r = fuzzy(η,η). Triangular membership functions are taken to fuzzify modal displacement, modal velocity and modal force, as shown in figures 1, 2 and 3 respectively, into three fuzzy sets, namely 'P' (positive), 'Z' (zero) and 'N' (negative). Parameters a and b have to be set for modal displacement, velocity and force. These parameters are selected by examining the range of modal displacement and velocity encountered in the simulation. Parameters for modal force are selected so as to ensure that the actuator never has to apply more than its breakdown limit. 
Rule base generation. The rules for active vibration control are generated in the modal domain. Using modal analysis, coupled equations of the structure can be decoupled. In IMSC a multiple degree of freedom system is looked upon as a single degree of freedom system and a particular mode is controlled independent of other modes. Similarly, in the case of fuzzy logic based IMSC, the system is looked upon as a single degree of freedom system and a particular mode is controlled independent of other modes. Mamdani-style inference [22] is used to generate the following rule base for fuzzy logic based control. These rules are derived from simple human reasoning, and we may show the reasoning for one rule as below:
• if modal velocity is P (positive) and modal displacement is P (positive) then modal force is N (negative)
where Z, P and N are the fuzzy sets whose membership functions are shown in figures 1-3. In this way nine rules are made and summarized in table 1. Defuzzification. In this step, depending upon the rules which get fired, a crisp value is obtained for the output variables. A centroid method is employed for defuzzification here. The centroid is given by the algebraic expression
where F o is the fuzzy variable and μ(F o ) is the membership value of the fuzzy variable. In fuzzy logic based MIMSC, an actuator is dedicated, at any instant of time, to controlling the mode that has the highest modal energy at that instant. Modal energy can be found from equation (4) . 
Finite element formulation
Consider a flexible elastic plate structure, as shown in figure 4 . The plate is instrumented with a piezoelectric sensor-actuator pair, polarized in the thickness direction. The top and bottom surface of each piezoelectric is covered by electrodes. At the device location, the structure is composite in the thickness direction, with two piezoelectric layers and one elastic layer. The plate is modelled using the finite element method. Piezoelectric materials have coupled electromechanical properties. Linear constitutive equations for piezoelectric materials relate electric displacement and stress to strain and electric field. These equations for a plate shaped sensor and actuator are written as follows: (7) Equation (6) describes the direct piezoelectric effect and (7) describes the inverse piezoelectric effect. Equations (6) and (7) can be written in simple form as
where D, E, ε and σ are the electric displacement, electric field, strain and stress vectors, respectively, and D p , e, ζ are the elasticity, piezoelectric constant and dielectric constant matrices, respectively. For an elastic field we have:
where D s is the elasticity constant matrix of the main structure.
The quadrilateral bending element of a plate is adopted in this work for finite element formulation. is expressed as the function of nodal displacement variable by the finite element interpolation functions as follows:
where, N 1 , N 2 , N 3 and N 4 are the interpolation functions and the vector of elemental degrees of freedom is given by:
The element kinetic energy is:
Subscripts s and p refer to the main structure and the piezoelectric structure, respectively. Q is the element volume. Substituting for w from (11), we have
The element potential energy is:
The strain variable is expressed as the function of nodal displacement variables as:
and the stress variable is given by equations (9) and (10) . The electric field vector is defined as below:
where v is the voltage across the piezoelectric patch and h p is the thickness of the piezoelectric patch. Substituting equations (9) and (10) in (15), we have
With further simplification,
The element electric energy is:
Substituting expressions for [D] from (8) and for [E]
T from (17) we have
Again substituting for {E},
The work done by the surface force and the applied surface electrical charge density is
where { f s } is the surface force, q is the applied surface electrical charge density and s 1 and s 2 are the surface areas where the surface forces and the electrical charge, respectively, are applied. Applying Hamilton's principle 
Making substitutions for equations (14) , (19) , (22) and (23) in equation (24) and taking variations of equation (24) leads to equations of motion for the plate element with distributed piezoelectric sensors/actuators as below:
(25) where various matrices are of the form
The sensor/actuator equation is given as:
where
Substituting for v from (32) in (25) we have an equation of motion of an element modified as,
No charge is applied on the surface of the sensor, so a sensor equation can be derived from (32) as follows:
Online observer for first two modes
One of the challenges in developing any modal control is the identification of modal quantities. In this work, the Kalman observer is adopted for identification of modal displacements and velocities of first two modes. Considering only the first two modes of the plate, the equation of motion of the smart plate in state space is given bẏ
Here y is sensor signal and so vector c can be obtained from the sensor equation. The various state matrices used in equation (39) are given as:
where dr 1 is the damping ratio of the first mode and λ 1 is the eigenvalue of the first mode. Matrix '[U ]' is a standard orthonormal modal matrix having normalized mode shapes.
Equations (46) and (47) are a statement of orthogonality of mode shapes with respect to the mass matrix and stiffness matrix. Since a state feedback is applied in the present work, an observer algorithm which can estimate the state value from the measured signal is required. In the present system, since we are controlling a limited number of modes, all other modes which are not being controlled will be present in the sensor signal as noise. The state equation for a system with external noise can be written as follows:
where G is the process noise influence matrix and is assumed as above, and v and w represent the process and measurement noise respectively. The Kalman filter dynamics can be written aṡ
where s e is an estimated state and k e is the Kalman filter gain to minimize the expected value
In discrete time Kalman equations take the form:
F and g are discretized versions of matrices A and B, respectively. M is the Kalman innovation gain, k is a time instant and s e is state vector estimated by the Kalman observer. Employing the Kalman observer the entire state vector of the system can be estimated. The estimated state vector can be suitably manipulated to get the control output. The fuzzy logic based controller with the Kalman observer is experimentally implemented for a plate structure. Detailed experimental studies with single and multi-actuator schemes for single mode as well as multi mode control of the plate are described in the following sections. Figure 6 shows a photograph of a test plate on which a piezoelectric sensor-actuator pair is instrumented in collocated fashion near the cantilevered edge. The physical and geometrical properties of the test plate and piezoelectric patches are given in table 2. A schematic diagram of the experimental set-up is shown in figure 7 . A piezoelectric charge amplifier is used to amplify the piezoelectric sensor patch signal. The sensor response is acquired through a data acquisition card (PXI-6040E, National Instruments) on to a PXI based real-time (RT) system (PXI-8170). The RT system does control calculations on the sensor signal as per the computer program which is downloaded on it from the host PC via an ethernet cable. The purpose of using a RT system is to minimize various time delays. The control output of the PXI RT system is amplified by a voltage amplifier and fed to the piezoelectric actuator. The plate is disturbed by hitting it at a specific point near the root by an instrumented hammer. Both the hammer response and the piezoelectric sensor response are stored in storage oscilloscope and then processed to get the frequency response function.
Experimental set-up

Results
The use of collocated actuator/sensor pairs is recommended whenever possible. The use of collocated actuator and sensor pairs, for a lightly damped flexible structure, always leads to alternating poles and zeros near the imaginary axis. This property guarantees the asymptotic stability of a wide class of single-input single-output control systems, even if the system parameters are subject to large perturbations (Preumont [23] ). In the present work a collocated pair of an actuator and a sensor is first used to control the vibrations of the plate. This is referred to as single actuator scheme. Next, non-collocated two actuator schemes are also considered.
Single actuator scheme
The experimental natural frequencies of the cantilevered test plate instrumented with piezoelectric patches were evaluated using a rap test. The first five experimental frequencies of the test plate, as indicated in figure 8 by the fast Fourier response of the sensor, are 20, 52, 128, 170 and 186 Hz The first five frequencies of the plate as computed by finite element analysis are 21, 51, 124, 159 and 183 Hz During active control experiments the plate is controlled using IMSC/MIMSC as well as using fuzzy logic based IMSC/MIMSC. Three subcases in each case have been reported, namely controlling only the first mode, only the second mode and the first two modes. Both excitation and response are near the root of the cantilever plate. The transfer function of the hammer input to the sensor output is estimated using Welch's averaged periodogram method. Figure 9 shows control of the first mode of the plate by IMSC (R = 0.5). As can be noted from figure 9 a reduction of 15 dB is observed in the first mode and of 7 dB in the second mode. In the region starting from 10 to 16 Hz, the controlled response is higher than the uncontrolled one. The maximum value of this elevation is 4 dB. When the control algorithm is changed to fuzzy logic based control, the system response is as shown in figure 10 . Parameters a and b for displacement are 0.0001 and 0.000 01, for velocity are 0.1 and 0.01 and for force are 0.02 and 0.002, respectively. A reduction of 15 dB is observed in the first mode while the second mode gets reduced by 2 dB. In the region starting from 10 to 14 Hz, the controlled response is higher than the uncontrolled one. However, this increase in response is lower than the increase observed in response with IMSC ( figure 9 ). In the off-resonance region starting from 28 to 52 Hz, spillover effects are visible. Figures 11 and 12 show voltages applied by the actuator to control the first mode by IMSC and fuzzy logic, respectively. The maximum voltage required in the case of IMSC is somewhat larger (30 V) than in case of fuzzy logic (23 V) . Also, in the case of fuzzy logic, for the initial (about) 1 s, the peak voltage applied by the actuator remains constant. So it can be deduced that for same decibel reduction at resonance, the peak voltage required by a fuzzy logic based controller is less than with IMSC. This effect may be attributed to the initial flat nature of the voltage profile (figure 12) in the case of fuzzy logic based control. Figure 13 shows control of the second mode of a plate by IMSC (R = 1). A decibel reduction of 10 is observed in the second mode. In the region starting from 4-20 Hz, the controlled response is higher than the uncontrolled response. An enhancement in response of about 6-8 dB is seen. Again, in the region starting from 58-90 Hz, the controlled response is higher than the uncontrolled one. The maximum elevation of the response function is 25 dB. Control of the second mode of a plate by fuzzy logic is shown in figure 14 . A decibel reduction of 12 is observed in the second mode. By comparing figures 13 and 14, spillover effects can be seen to be much less in the case of fuzzy logic based control than IMSC. Control of two modes is implemented by the MIMSC strategy in figure 15 . Decibel reductions of 10 and 12 are observed in the first and second modes, respectively. In the region before the first mode, a maximum spillover of 17 dB is observed. In the region between 55 and 90 Hz a maximum spillover of 20 dB is observed. Figure 16 shows control of two modes by fuzzy logic. A response reduction of 16 dB and 10 dB is observed in the first and second modes, respectively. A higher response reduction is achievable with a fuzzy logic based controller than MIMSC. In the region before the first mode, a maximum spillover of 10 dB is observed in the case of fuzzy logic based MIMSC, which is lower than that observed in MIMSC. In the region starting from 55-90 Hz, a maximum spillover of 20 dB is again observed. Lot of spillover effects in fuzzy logic based MIMSC and MIMSC may be due to excitation of different modes due to shifting of the control voltage from one mode frequency to another. 
Multiple actuator scheme
A single sensor and single actuator are able to suppress vibrations at resonance, but there is spillover in the offresonance region. This is particularly apparent while controlling two modes simultaneously (figures 15 and 16). One reason for this spillover may be that the location and number of sensors or/and actuators is suboptimal. Another reason may be the effect of unmodelled dynamics of higher modes. By increasing the number of actuators and by increasing the number of modes considered in the controller design, the spillover effects should be reduced. Next we consider another smart plate as shown in figure 17 , with two piezoelectric actuators and one piezoelectric sensor. The piezoelectric sensor is fixed in an area where modal strains for the first three modes are high. This is done so that a single sensor can sense all the modes to be controlled. One piezoelectric actuator is fixed in an area where modal strains for the first and second modes are high and one piezoelectric actuator is fixed in an area where modal strains for the third mode are high. This is done with the idea that by using this scheme spillover effects would be reduced. Locations of high modal strains were determined from the 'finite element model'. Using these two actuators, experiments were performed to control first three modes of the plate. Figure 18 third mode. Figure 18(b) shows control of the first mode by fuzzy logic. A reduction of 44 dB is achieved in the first mode, 13 dB in the second and 5 dB in the third. Spillover effects are negligible. Figure 19(a) shows control of the second mode by IMSC. The first mode is suppressed by 11 dB and the second by 12 dB. There is an elevation of about 2 dB in the third mode. Figure 19(b) shows control of the second mode by fuzzy logic. There is depression of 16 dB in the first mode and 12 dB in the second mode. Negligible spillover effects are observed. However, by controlling the second mode of the plate by one actuator, lots of spillover effects were observed as shown in figures 13 and 14. Thus for controlling the second mode, the actuator location shown in figure 17 is more optimal. In order to observe the first two modes, a time signal of length 1.5 s was used. The third mode is most pronounced as soon as the plate is given a hammer impact. So a time signal of length 0.5 s is used to see the third mode. Figure 20 fuzzy logic. The third mode gets suppressed by 20 dB and the first by 18 dB. The first three modes are controlled by IMSC in figure 21(a) . The first mode gets suppressed by 28 dB, the second by 19 dB and the third by 8 dB. Similarly the first three modes are controlled by fuzzy logic in figure 21(b) . The first mode gets suppressed by 33 dB, the second by 8 dB and the third by 8 dB. While controlling two modes of the plate by a single actuator, a lot of spillover is observed, as is apparent from figures 15 and 16. So it is concluded that the present configuration of one sensor and two actuators is better than the previous configuration of one sensor and one actuator.
Conclusions
A fuzzy logic based modal control strategy has been presented in this work and the scheme has been experimentally implemented to control vibrations of a two-dimensional plate structure. The experimental implementation is achieved using single actuator scheme as well as a multiple actuator scheme. Results obtained from fuzzy logic based control are compared with IMSC/MIMSC. A comparative study of results shows that for the same order of actuation voltages, the response settles faster with lower spillover for fuzzy logic based control. A multiple actuation scheme, as expected, results in a great reduction of spillover effects. This work also establishes the feasibility of real-time implementation of the presented fuzzy controller for active vibration control of plates.
